We give an intuitive proof of a new non-renormalization theorem in supersymmetric field theories. It applies both perturbatively and non-perturbatively. The superpotential is not renormalized in perturbation theory but receives non-perturbative corrections. However, these non-perturbative corrections are not generic functions of the fields consistent with the symmetries. Certain invariant terms are not generated. This violation of naturalness has applications to dynamical supersymmetry breaking.
Introduction
The physical principle of naturalness as articulated by 'tHooft [1] states that a small parameter is natural only when a symmetry is gained as it is set to zero. In the context of quantum field theory, if a bare parameter is unnaturally set to zero, radiative corrections lead to a renormalized non-zero value. Therefore, if we want a small renormalized value without a symmetry, the bare value has to be fine tuned. The apparent violation of this principle in the value of the Higgs mass is known as "the gauge hierarchy problem" (a more dramatic fine tuning problem is that of the cosmological constant).
The main motivation to study low-energy supersymmetry is that it can provide a solution to the gauge hierarchy problem. In supersymmetric theories the parameters in the superpotential are subject to a weaker form of naturalness. Because of the perturbative non-renormalization theorems [2] , the superpotential is not renormalized in perturbation theory. Therefore, if for some reason the Higgs mass is very small or zero at tree level 1 , it remains so to all orders even when it is not protected by a symmetry.
The known proof [2] of this non-renormalization theorem depends on the details of perturbation theory and supergraph techniques. One of the results of this paper is a more intuitive derivation of this theorem.
Clearly, we would like supersymmetry to be broken non-perturbatively. This is possible only if the non-renormalization theorem is violated beyond perturbation theory in four dimensions. Indeed, it was shown in [3] that once non-perturbative effects are taken into account new terms can appear in the superpotential.
The obvious question is then: is the exact superpotential a generic function of the fields consistent with the symmetries? In other words, is the full strength of the naturalness principle applicable non-perturbatively? As we will show, the answer to this question is negative. There are powerful non-renormalization theorems which are valid in the full, non-perturbative theory.
In section 2 we review some of the non-perturbative techniques in supersymmetric gauge theories with matter. We will follow the point of view of [3] and [4] (for other ap-1 Such a situation is common in string models where bare mass terms can be absent at tree level without a symmetry.
proaches to the study of these theories see [5] and [6] ). In section 3 we present our new non-renormalization theorem. Section 4 is devoted to various examples and applications.
We rederive the standard perturbative non-renormalization theorem in Wess-Zumino models and extend it beyond perturbation theory, we also explain some of the results of section 2 and use the new theorem to solve some problems in models with dynamical supersymmetry breaking.
Examples of non-perturbative effects in SUSY theories

Examples of non-perturbative effects in gauge theories
We consider an SU (N ) gauge theory with N f flavors of quark superfields Q andQ transforming as N andN under the gauge group. We first assume that the quarks are massless and the superpotential vanishes.
An important property of this theory is the existence of classical "flat directions."
There is a continuum of inequivalent classical ground states labeled by the expectation values of Q andQ. These expectation values break the gauge symmetry. Taking loop corrections into account, the coupling constant of the theory depends on Q and Q and the theory becomes weakly coupled far out along the flat directions.
The classical theory is invariant under the global symmetry
where the last factor is an R symmetry. This symmetry is valid to all orders in perturbation theory and prevents any superpotential from being generated. Therefore, in this case the perturbative non-renormalization theorem is perfectly natural; it follows from a symmetry.
The large classical vacuum degeneracy mentioned above is not lifted in perturbation theory.
Non-perturbatively, the axial U (1) in (2.1) is explicitly broken and a unique term is allowed by the unbroken symmetry [7] Λ
where the exponent of the determinant in flavor space is determined by the R symmetry and the power of the scale of the theory, Λ, is determined on dimensional grounds. This term exists only for N > N f . The analysis of reference [3] shows that the term (2.2) is indeed generated. For N f = N − 1 it is generated by instantons and for N f < N − 1 it is generated by other non-perturbative effects. Since the coupling constant depends on the fields and the field dependence in (2.2) is uniquely determined by the symmetries, the approximate results of these non-perturbative calculations are exact.
The conclusion is that the non-renormalization theorem is violated non-perturbatively.
Furthermore, the effective Lagrangian is the most general one consistent with the symmetries. Therefore, we might be tempted to guess that the full strength of naturalness applies non-perturbatively. This guess is incorrect!
Examples of non-perturbative effects depending on couplings in the superpotential
The potential derived from equation (2.2) slopes to zero at infinity and the massless theory does not have a ground state. To stabilize the potential we can add mass terms
to the superpotential. For small m i the effective superpotential is the sum of the dynamically generated term (2.2) and the tree level terms (2.3). When the m i 's are not small there might be higher order corrections given by powers of m i . We now study these corrections in the simple case where only one mass m = m N f is non-zero. We would like to integrate out the massive quark and to study an effective Lagrangian for the light quarks. We study two different limits:
1. m ≫ Λ. Below the scale m we have an SU (N ) gauge theory with N f − 1 quarks.
The scale of the low-energy theory Λ L is different than Λ because only N f − 1 quarks contribute to the running of the coupling constant below m. We find
Using the superpotential (2.2) with this scale and N f − 1 flavors we find
where det ′Q Q denotes a determinant over the light fields.
2. m ≪ Λ. We start by analyzing the case of N f = N . Repeating the instanton analysis of [3] we find that the massless theory has four fermion zero modes. Therefore no superpotential can be generated. This is consistent with the symmetries of the massless theory. For small m two of the fermion zero modes can be lifted at order m and generate the superpotential
For N f < N the dynamics of the massive quarks Q N f andQ N f are determining by analyzing the superpotential
The equation of motion of the massive quarks leads to
and to an effective superpotential
We see that the m dependence in these two limits is the same. This strongly suggests that it is exact and that the effective superpotential does not receive higher order corrections in m.
New non-renormalization theorem
The following discussion is a generalization of an unpublished argument [8] for the perturbative non-renormalization theorem of the superpotential, W . It was motivated by a similar argument in string theory [9] . In string theory the coupling constant is a dynamical field -the dilaton. Its superpartner is an axion and therefore to all orders in perturbation theory, the theory is constrained by a Peccei-Quinn symmetry. The combination of this symmetry with the holomorphicity of W leads to the lack of renormalization of W in perturbation theory.
In the same spirit, we now think of all coupling constants in the superpotential, λ i , as background chiral fields 2 . The effective superpotential W ef f of the dynamical fields φ I and the background fields λ i is subject to the following constraints:
1. Symmetry. For λ i = 0 the theory has a large global symmetry group G. This symmetry is explicitly broken by the couplings λ i . When we think of λ i as fields, we can interpret their non-zero values as spontaneously breaking G. Then, the effective Lagrangian which depends both φ I and λ i should be invariant under G. Similar constraints in situations of explicitly broken symmetries are common in physics and are known as selection rules.
2. Holomorphicity. The effective superpotential, W ef f , is a (locally) holomorphic function of the fields. Since we treat λ i as fields, W ef f is independent of λ † i . This is unlike the situation in ordinary field theories where the effective potential depends both on λ and on λ † .
3. Asymptotic freedom of gauge couplings. The effective superpotential can depend on the dynamically generated scale of the theory Λ. In perturbation theory there might be factors of log Λ which for simplicity we will ignore. Non-perturbatively there are powers of Λ. It is obvious that W ef f should be smooth in the limit Λ → 0; i.e. there are no negative powers of Λ. In most cases this means that W ef f cannot grow faster than φ 3 as a field φ → ∞. Furthermore, when there are no strongly coupled sectors -there are no unbroken non-Abelian gauge groups, the leading non-perturbative effect is given by instantons. Then, the power of Λ cannot be smaller than in exp(−
x where x is determined by the one loop beta function (e.g. for an SU (N ) gauge theory with N f flavors in the fundamental representation x = 3N − N f ).
4. Weak coupling. The behavior of W ef f as the coupling constants in the bare super-potential λ i → 0 can often be analyzed perturbatively, thus constraining the small λ i limit. Sometimes there are more light fields at λ i = 0 than at non-zero λ i . When these fields are integrated out and are not included in the effective action, W ef f might be non-analytic at λ i = 0.
As we will see in the examples in the next section, the combination of these constraints is extremely powerful and leads to many results. It is easy to rederive the standard perturbative non-renormalization theorem. It is also easy to see when it can be violated (e.g. as in the examples in section 2). Finally, one can derive a number of exact results which go beyond any approximation scheme. These exact results show that W ef f is not a generic function of the fields consistent with the symmetries. Some terms which are consistent with all the symmetries in the problem are not generated either perturbatively or non-perturbatively. This is in clear violation of the principle of naturalness.
We should caution the reader that our arguments are somewhat heuristic. We assume that the theories exist as quantum field theories and that there are no unexpected anomalies in supersymmetry (or in any other global symmetry). In other words, we assume that the theory can be regularized while preserving all these symmetries.
The effective action we discuss is the Wilsonian effective action. It should be distinguished from the 1PI effective action. The latter suffers from IR ambiguities. The
Wilsonian effective action at a scale µ is obtained by integrating out all fields whose mass is larger than µ and the high momentum (p > µ) modes of the light fields. It does not suffer from any IR ambiguities. The distinction between the Wilsonian effective action and the 1PI effective action is particularly important when massless particles are present. Then, IR subtleties can lead to "holomorphic anomalies" in the 1PI effective action. However, these cannot appear in the Wilsonian effective action. This distinction was made clear in [10] where some confusions associated with another holomorphic function -the coefficient of W 2 α -were clarified. Similarly, the non-holomorphic threshold contributions to this function [11] and the holomorphic anomalies of [12] are associated with IR properties of the 1PI effective action.
Examples
Wess-Zumino models
The superpotential is 
where f is an arbitrary holomorphic function. Consider the coefficient of φ n . From (4.2) it is of the form λ n−2 1 m n−3 φ n . This is exactly the answer from a tree graph with φ exchanges. Its contribution should not be included either in the Wilsonian or in the 1PI effective action. Higher order corrections in λ to the coefficient of φ n are not compatible with the form (4.2). Therefore, the effective action must be
We conclude that the tree level superpotential is not renormalized, in accord with the standard non-renormalization theorems [2] . The "holomorphic anomaly" in W which was found in [13] is of the form λ 3 λ †2 φ 3 . It exists only in the 1PI effective action of the m = 0 theory and clearly arises from IR problems. We should add that strictly speaking this theory is not expected to exist non-perturbatively because it is not asymptotically free.
SUSY QCD with a massive quark
This theory was studied in subsection 2.2. Without the mass term the theory is invariant under the group
where the last factor is an R symmetry. The mass term for the last quark breaks it to
The mass term is in the (N f , N f ) representation of G. H invariance and dimensional analysis constrain the low-energy superpotential to be of the form 
The non-analyticity at m = 0 arises from integrating out one of the quarks which is massless at that point (see constraint 4 in section 3).
This proves that expressions (2.9) and (2.5) are indeed exact and explains why we found the same answer in the small and in the large m limits.
SUSY QCD with a superpotential
We now study SUSY QCD with a coupling to a gauge singlet S through the superpo-
where the sum in the first term is both over color and flavor indices. For λ = λ ′ = 0 the theory is invariant under
where U (1) S acts only on S and U (1) R is an R symmetry under which S has charge zero andQQ has charge 2
(actually, since S is a decoupled free field there are more symmetries). These two U (1) symmetries are explicitly broken by the interactions in (4.8).
Thinking of the couplings as fields we can assign to λ charges (−1, 2
) and to λ ′ charges (−3, 2). For λ ′ = 0 but non-zero λ the theory has a flat direction labeled by the expectation value of S. The coupling λ leads to masses for the quarks and they can be integrated out.
The low-energy effective Lagrangian depends then only on S. Using the symmetries and dimensional analysis the superpotential has the form
where Λ is the dynamically generated scale of the gauge theory. By asymptotic freedom (constraint 3 in section 3) f (x) is regular at x → 0. From the behavior as λ ′ → 0 (constraint 4 in section 3), f (x) = αx + 1+ smaller terms (α is a constant) as x → ∞. This fixes the exact superpotential to be
The second term is generated non-perturbatively [4] . (The non analyticity at λ = 0 arises from integrating out fields (Q andQ) which are massless at that point.) This example (for N f ≤ 3N ) demonstrates that in an asymptotically free theory W ef f can grow at large field strength but not faster than S 3 . Since (4.11) is exact, we learn that there are no higher order corrections in λ or λ ′ . Furthermore, although all powers of S are consistent with the symmetries of the theory, only one of them is dynamically generated. The superpotential (4.11) leads to a supersymmetric minimum at finite S.
Dynamical SUSY breaking without R symmetry
The fact that the perturbative non-renormalization theorem can be violated nonperturbatively opens the way to dynamical supersymmetry breaking. As advocated by
Witten [14] , the gauge hierarchy problem can be solved in a theory where supersymmetry is unbroken at tree level (and therefore to all orders in perturbation theory), but a tiny nonperturbative effects breaks it. Such a scenario can naturally generate the weak scale much below the Planck scale. Models with dynamical supersymmetry breaking were studied in [4] and [6] . Recently, it was pointed out [15] that supersymmetry breaking can take place only in theories with a continuous R symmetry provided two conditions are satisfied.
The conditions are: (1) the breaking of supersymmetry can be described by a low-energy Wess-Zumino model without gauge fields and (2) the superpotential of that model is a generic function of the fields consistent with the symmetries (naturalness). This leads to a phenomenological problem because it is clear that Nature does not have such a symmetry (whether broken or not). Fortunately, our non-renormalization theorem shows that the lowenergy superpotential does not have to be generic. Therefore, we can have supersymmetry breaking without an R symmetry [15] .
To demonstrate this we consider an SU (3) × SU (2) theory [15] Q 2ūd (4.14)
for some computable constant α.
We now turn on the SU (2) gauge interactions. There are still flat directions and the low-energy theory along them is described by the three gauge invariant chiral superfields
Turning on the Yukawa couplings, integrating s ands out at tree level and adding the instanton contribution (4.14), the low-energy effective superpotential is
This superpotential leads to supersymmetry breaking. This can be seen either in the low-energy effective theory ( ∂W ef f ∂Y = 0) or in the full theory [15] .
For λ =λ = 0 the model has an R symmetry and no flat directions. Therefore, the fact that it breaks supersymmetry is consistent with the general analysis of references [4] and [15] . However, with non-zero λ andλ there is no R symmetry but supersymmetry is still broken. This is not in contradiction with the discussion in [15] because W ef f is not a generic function invariant under the symmetries. If, for example, an invariant term like
Y is dynamically generated, supersymmetry is not broken. Therefore, to establish that supersymmetry is indeed broken we must show that (4.16) is exact.
Using the symmetries of the theory without the superpotential (4.13) we find that the most general invariant function of the fields X, Y and Z and the coupling constants is for some constants α and β. The last term is independent of the fields and therefore can be ignored in global supersymmetry 3 . Therefore, there are no new terms beyond those we studied. We conclude that the superpotential is not generic and SUSY is broken.
3 A constant in the superpotential is important in local supersymmetry. It is easy to check that this term has the correct quantum numbers to be generated by SU (2) instantons and hence if β is non-zero, it is proportional to exp(− ) is independent of Λ and depends only on the scale of the SU (2) theory. This is precisely the behavior expected in a contribution of an SU (2) instanton. Therefore, we conjecture that an instanton calculation leads to non-zero β.
